Modern experimental facilities, such as CBELSA, ELPH, JLab, MAMI and SPring-8 have provided a tremendous volume of data, often with wide energy and angular coverage, and with increasing precision. For reactions with two hadrons in the final state, these data are often presented as multiple sets of panels, with angular distributions at numerous specific energies. Such presentations have limited visual appeal, and their physical content is typically extracted through some modeldependent treatment. Instead, we explore the use of a Legendre series expansion with a relatively small number of essential coefficients. This approach has been applied in several recent experimental investigations. We present some general properties of the Legendre coefficients in the helicity framework and consider what physical information can be extracted without any model-dependent assumptions. * Deceased. † igor@gwu.edu; Corresponding author. 
I. INTRODUCTION
Modern detectors, combined with the present generation of accelerator facilities, are capable of providing large reaction-specific sets of experimental data. These sets have often been combined in partial-wave analyses with the hope of extracting elements of the fundamental reaction process (such as resonance parameters and coupling constants). The analyses generally have some model-dependence and are limited by the quality of the available data.
Here we address the problem of displaying these large data sets, evaluating their physical content, and determining their sensitivity to partial-wave content in a model-independent manner. Even in relatively simple cases of 2 → 2 reactions, data are usually presented as multi-panel pictures with a great number of angular distributions for different energies (and/or energy distributions for different angles). Such an approach can be used, of course, to compare with various models, but is not practical for any direct extraction of physical information.
In several recent works, we and others have suggested and applied another approach, involving the expansion of differential cross sections, for both unpolarized [1, 2] and polarized [3] photoproduction of single pseudoscalar mesons, in terms of Legendre coefficients. For a limited energy interval, it appears sufficient to use a finite number of the expansion terms, which may be plotted as a function of energy, thus providing a more clear and visually suggestive presentation, which may be further analyzed through models or partial-wave analyses.
Preliminary results of this study were reported at the Hadron Structure and QCD: from Low to High Energies Workshop [4] . In the present paper, we further describe and study this approach more systematically. Then we discuss its utility for the extraction of model-independent information.
II. EXPANSION OF AMPLITUDES AND CROSS SECTIONS
Let us consider 2 → 2 reaction
where particles have spins s a , s b , s c , s d . It can be described by helicity amplitudes [5] A λcλ d ; λaλ b (W, z, φ), where λ a , λ b , λ c , and λ d are the corresponding s-channel helicities, W is the center-of-mass (c.m.) energy, and z = cos θ . The angles θ and φ are, respectively, the polar and azimuthal c.m. angles. These amplitudes may be decomposed in terms of the Wigner harmonics 
with partial-wave amplitudes
being elements of the T -matrix, related to the S-matrix, T = (S − 1)/(2i), p being the initial relative c.m. momentum, and
The scattering/production angle θ is taken to be the angle between the c.m. momenta of particles c and a (or d and b). All the values of j, λ, µ are simultaneously either integer or half-integer and the above j-summation runs over all physical values of j ≥ |λ|, |µ|. The differential cross section, with all initial and final helicities fixed, is [5] 
Note that dσ/dΩ is independent of the azimuthal angle φ , since every particular helicity amplitude depends on φ only through a phase factor. The totally unpolarized differential cross section can be written as
= N (λ,µ) j1,j2
where (λ,µ) implies summation over all initial and final helicities. We separate out the normalization factor N , which has a simple structure, with a known dependence on the energy and on the spins (due to summing and averaging over polarization states), but is quite independent of any dynamics, helicities, angles, and angular momenta (it is not essential for the following discussion). The angular dependence of each summand in Eq.(8) is completely described by two d-harmonics with the same λ and µ . Their product can be decomposed into a Clebsch-Gordan series over the Legendre polynomials. As a result, we obtain
with integer J . According to the composition rules for angular momenta, every A (σ) J (W ) contains bilinear contributions of partial-wave amplitudes (see Eq. (8)) with angular momenta j 1 and j 2 satisfying the familiar relations
This means that a particular Legendre coefficient A (σ) J (W ) generally contains an infinite number of contributions from partial-wave amplitudes with various j-values. But it evidently can not contain interference of amplitudes with too different j 1 and j 2 (i.e., with |j 1 − j 2 | > J). Quadratic terms, having j 1 = j 2 = j , may appear only at sufficiently large j ≥ J/2. Of course, the coefficient A (σ) 0 (W ) coincides with half the total cross section of reaction (1) at the energy W . Recall that σ tot = 4πA
if one fits dσ/dΩ. The Legendre coefficients have another, less evident, property. To derive it, we combine Eqs.(A1), (A2), and (41) of Ref. [5] and obtain
Here λ
, η a and η b are the internal parities of the particles a and b ; P is the space reflection operator. The amplitudes F (P ) (W, z) have the same structure as F (W, z) (see Eq. (3)), but the partial-wave amplitudes are taken with the space-reflected initial states. The first factor in the right-hand side of Eqs.(11) and (12) is independent of j and, when squared, is always unity, since (s a + s b − µ) is always an integer. Of course, these relations could be rewritten in a different form, with space reflection affecting the final (instead of initial) states. Now we can write the differential cross section in two forms:
where A J , but only with both states of the same parity, positive or negative. Quadratic contributions of any state can appear only at even J . This means, in particular, that proper Breit-Wigner (BW) contributions of a resonance of an integer spin j R appear in the even-J Legendre coefficients with 0 ≤ J ≤ 2j R . But if the spin is half-integer, these BW contributions do not appear at J = 2j R ; they appear only at even J with 0 ≤ J ≤ 2j R − 1 .
The above expressions clearly demonstrate the well-known statement that the unpolarized cross section by itself does not allow a determination of the parity of a particular partial wave, since simultaneous reversal of parities for all partial waves does not influence the cross section. However, if there is a resonance with known quantum numbers, including its parity, then such complete parity reversal becomes impossible, and even unpolarized cross section is able to provide some information on partial-wave parities. Below we will discuss this point in more detail.
Described above is the Legendre decomposition for the unpolarized differential cross sections. However, such an approach may be applied also to processes with polarized particles and/or to polarization observables (more exactly, to polarization observables multiplied by the unpolarized differential cross section). Such quantities may kinematically vanish at z = ±1 (they may even have square root singularities there). Decomposition in Legendre polynomials then becomes inadequate, and one should instead use Wigner harmonics (or, in particular, associated Legendre polynomials) with integer J. For example, the beam asymmetry studied by the CLAS Collaboration [3] contains the kinematical factor (1−z 2 ) which automatically arises in any converging series over the associated Legendre polynomials P 2 J (z)). In such cases the decomposition retains connection (10) between J and j 1 , j 2 ; relation (11) again allows one to separate interferences of states with the same or with opposite parities.
Let us briefly discuss one more point. The series (3) and (9) generally sum an infinite number of terms. In practical cases, the series will be truncated. This may be justified on the basis of physical reasons (e.g., presence of pronounced resonances in the data, with known definite spins and parities) or phenomenological ones (e.g., higher Legendre coefficient may be safely discarded if their fitting errors exceed fitted values). In both cases, we obtain a limited number of parameters to describe experimental data and to investigate their physical content.
III. PHOTOPRODUCTION OF A SPINLESS MESON
To illustrate the above approach, we consider in more detail the particular case of a pseudoscalar-meson photoproduction off the proton, for instance,
The initial state has four possible helicity combinations (λ γ = ±1, λ p = ±1/2), while the final state has two helicity combinations (λ π = 0, λ n = ±1/2). Thus, there are eight different transitions between various initial and final helicities and, generally, eight different helicity amplitudes.
It is interesting to emphasize that the value of λ unambiguously determines all initial helicities:
(of course, this is due to absence of λ γ = 0 ). Hence, the independent amplitudes may be denoted as F λ± (W, z) , where the sign in the index is the sign of µ , opposite to the sign of helicity of the final nucleon. Expression (8) for the unpolarized cross section may be rewritten as
with λ-summation over four values ±1/2, ±3/2 . The initial state with a particular value of λ can be realized by using the circularly polarized photon (with a definite helicity) together with the longitudinally polarized target nucleon. Therefore, also measurable is the cross section for any fixed λ :
The additional factor 4, as compared to Eq.(16), arises since dσ (λ) /dz deals with a single initial state, while the unpolarized expression (16) implies averaging over four initial states with different helicities.
Note that amplitudes with all helicities reversed are related by parity conservation [5] , so that only four of the eight amplitudes are independent. Eq.(44) of Ref. [5] , applied to the photoproduction reaction, gives
Therefore, we can use only amplitudes with positive values of λ = 1/2, 3/2 . For negative values of λ we have
As a result,
due to parity conservation. Moreover,
Difference of the helicity cross sections is related to the double polarization observable E :
Following Walker [6] , if we let H 1 to H 4 label the four independent helicity amplitudes, the translation to amplitudes of the form A µλ (W, z, ) is given in Table I . 
Partial-wave decomposition of the amplitudes F λ± (W, z) contains the partial-wave helicity amplitudes which may be analogously denoted as f j λ± (W ) , with the same meaning of indices; note that j ≥ 1/2 for f
Further, the helicity partial-wave amplitudes can be combined so to obtain two sets of definite-parity partial-wave amplitudes f j± λ (W ). According to Eq.(41) of Ref. [5] , we obtain
where λ = 1/2 or 3/2 , the upper sign ± corresponds to the final (and initial as well) state parity equal to ±1 , η π and η N are intrinsic parities of the pion and nucleon. The inverted expressions are
Of course,
Recall also that the lower sign + or − corresponds to the final state value µ = ±1 , while the upper sign corresponds to parity of the final (and initial) state.
It is easy to check that
In particular,
(recall that here all the j-values are half-integer, so j 1 + j 2 + 1 is always an integer). The translation from these partial-wave amplitudes to the helicity elements, A ℓ± and B ℓ± , as well as the multipole amplitudes, E ℓ± and M ℓ± , is given in Ref. [6] . For example, we have
where the subscript notation ℓ± for helicity elements and multipoles [7] denotes a state with orbital angular momentum ℓ and total angular momentum j = ℓ ± 1/2. The above analysis is equally applicable for the process of the η-meson photoproduction
(or for π 0 photoproduction). The energy region of η production, investigated experimentally in Ref. [1] , is assumed to contain N * resonances with spins up to 5/2 [8] . One can expect, therefore, that the decompositions should essentially run up to j = 5/2 in Eq.(3) and up to J = 5 in Eq. (9) . Such an expectation agrees with the fit to data [1] [2, 3] , one needs more lengthy decompositions up to J = 10 , because of the lower associated threshold.)
Now we can illustrate our approach in more detail for the cross sections of the reaction (27). We use Eq.(8) (truncated up to j 1,2 = 5/2 ) and decompositions of Appendix 1D to derive expressions for the Legendre coefficients A (2j + 1) |f
the left-hand side factor 1/2 accounts for the fact that the right-hand side expression contains contributions of only one sign of the total helicities, +1/2 and +3/2, while A (σ) 0
should contain also contributions with the negative sign of helicities (recall that positive and negative sign contributions are equal to each other, due to parity conservation). This relation is true even without j-truncating and clearly shows that A (σ) 0 is indeed proportional to the total (i.e., integrated differential) cross section, as it should be.
Explicit expressions of Appendix 2A confirm the properties of the Legendre coefficients formulated above. Every coefficient has two parts, corresponding to λ = 1/2 and λ = 3/2. Of course, states with j = 1/2 contribute only to
with even J consist of proper contributions of various partial-wave states and interference contributions of states with different j, but with the same parities, both positive and negative. On the other hand, the odd-J coefficients contain only interferences between states of the same or different values of j, but always with opposite parities, exactly as stated in the preceding Section. As the value of J increases, so does the number of contributions to A in Appendix 2 is the result of our assuming the absence of states with j > 5/2. In particular, it is because of this assumption that states with j = 1/2 are not seen in the displayed expressions for A (σ) 4 and A (σ) 5 . This approach can be easily applied to other polarization observables. For example, the double polarization observableĚ(W, z) = E · dσ/dz may also be expanded in Legendre polynomials P J (z), similar to Eq.(9), but with different Legendre coefficients A (E)
J (W ). Comparison of expressions (19) and (20) shows that A (σ)

J (W ) and A (E)
J (W ) differ only in the sign of all contributions with λ = 3/2 . The beam-polarizaton quantity, Σ, is also treated within the helicity formalism in Ref. [6] ,
Both terms in the square brackets contain the kinematical edge factor (1−z 2 ), and we expand them over the associated Legendre functions P 2 J (z) with J ≥ 2, which all have the same edge factor:
Application of property (12) to the right-hand side of expression (29) shows that the coefficients A 
IV. APPLICATION TO DATA
The expansion method requires data of both high precision and broad angular coverage to determine the higherorder coefficients. A prime example is provided by the A2 Collaboration at MAMI which recently reported 7978 dσ/dΩ data for the reaction γp → π 0 p and for for incident photon energies E from 218 to 1573 MeV (or for c.m energies W = 1136 -1957 MeV) [2] . These data are obtained with a fine binning in E (∼4 MeV for all energies below E = 1120 MeV) and 30 angular bins, giving a good coverage of the π 0 production angle. The data obtained above E = 1443 MeV (W = 1894 MeV), however, have a limited angular coverage and for this reason were excluded from the present Legendre fit.
A good description of the γp → π 0 p differential cross sections was obtained, for each included energy bin and the full angular range, in a fit with Legendre polynomials up to order ten (Eq. (9) are depicted in Fig. 1(bottom panel) , showing their energy dependence in unprecedented detail.
As expected from the form of Eq.(28), resonance contributions from the first, second and third resonance regions combine to produce clear peaks in the coefficient A itself shows good agreement with the total cross section, obtained by an integration of the differential cross sections, confirming the quality of this dataset.
Other interesting features in Fig. 1 , and the expanded plot of Fig. 2 , are the sharp structures seen for each coefficient A could reveal interference with the four states having J = j − 3/2, j − 1/2, j + 1/2, and j + 3/2, with parity positive for even j and negative for odd j. Thus, via such interference effects, the contributions from very high partial-wave amplitudes could be studied, a possibility not available in any other standard approach. This feature is similar to enhancing the manifestation of rare decay modes of resonances via the interference with other strong resonances [9] .
It should be noted that the recurring sharp structures associated with the ∆(1232) energy region do not appear in multipole analyses of these data. The angle-independent systematic error was used to determine renormalization factors for each angular distribution. These factors were determined to be very near unity (within 1%) and, if applied to the data, had no effect on the higher Legendre coefficients. If instead, the statistical and systematic errors are added in quadrature [10] , structures in the highest coefficients are masked by greatly expanded errors. This result emphasizes the importance of systematic error analysis, the effect of which may also be magnified by a dominant resonance.
FIG. 2. (Color online) Zoom for A2
γp → π 0 p data below W = 1400 MeV to cover the ∆-isobar region [2] as shown on Fig. 1(bottom panel) .
The A2 collaboration at MAMI has also measured 2400 dσ/dΩs for the reaction γp → ηp and for for incident photon energies E from 710 and up to 1395 MeV (or for c.m energies W = 1488 -1870 MeV] [1] . The large number of events accumulated allowed the division of the data into 120 bins in E. From the reaction threshold to an E of 1008 MeV, the bin width was that of a single tagger channel (∼4 MeV). From 1008 to 1238 MeV, two tagger channels were combined to a single energy bin. Above 1238 MeV, an energy bin included from three to eight tagger channels. The γp → ηp differential cross sections were determined as a function of z. The z spectra at all energies were divided into 20 bins.
The photoproduction of eta mesons is interesting in that only isospin 1/2 resonances can contribute, thus reducing the list of candidates required to explain energy-dependent structures in the Legendre coefficients. For many N * states, the decay to ηN has been determined to be very weak. This too helps in deciphering the sources of structures.
In Fig. 3(top panel) , differential cross sections for three incident photon energies are compared with the Legendrepolynomial fits. The results of the Legendre-polynomial fits for each coefficient A J , which was difficult to achieve with the previous data.
The behavior of these Legendre coefficients suggests possible resonance contributions, though some puzzles remain. Unlike the pion photoproduction case, A 
1 , suggesting a common origin.
V. DISCUSSION AND CONCLUSIONS
Several examples of the Legendre analyses, discussed in this paper, are rather simple. They, nevertheless, allow us to demonstrate various features, inherent also in more general and complicated cases. That is why we are now able to formulate a number of sufficiently general conclusions.
• Legendre expansions provide a model-independent approach suitable for presentation of modern detailed (highprecision and high-statistics) data for two-hadron reactions.
• This approach is applicable both to cross sections and to polarization variables; it is much more compact than traditional methods, at least, at energies within the resonance region.
• The Legendre coefficients reveal specific correlations and interferences between states of definite parities.
• Due to interference with resonances, high-momentum Legendre coefficients open a window to study higher partial-wave amplitudes, which are out-of-reach within any other method.
Concluding this brief discussion, one should emphasize that direct interference has become a useful instrument to search for and study rare decays of well-established resonances. However, its possibilities are limited by restrictions for the resonance quantum numbers. Rescattering interference is not limited by such requirements and, therefore, may provide effective methods to search for and study new resonances with arbitrary quantum numbers. Data on multi-hadron decays of heavy particles also present a new rapidly-expanding area for applications of different kinds of interference both to study spectroscopy of resonances and to establish their characteristics. 
Appendix 1. Wigner harmonics and Legendre functions
For convenience, here we give explicitly those Legendre functions and Wigner harmonics which can be used to describe differential cross sections and beam asymmetries for reactions (15) and (27) up to j, J = 5.
A) Legendre functions P J (z) with J ≤ 5 :
B) Associated Legendre functions P 2 J (z) with J ≤ 5 :
It is sufficient, therefore, to know explicitly only d-functions with both λ and µ positive. a) The case of λ = 1/2 :
b) The case of λ = 3/2 :
D) Expansions (for cross sections) over Legendre functions. a) Quadratic terms with λ = 1/2 :
b) Bilinear terms with different j, the same λ = 1/2 , and µ = ±1/2 : 
4 (E) =
